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Abstract
We study a simple model of assigning indivisible objects (e.g., houses, jobs,
offices, etc.) to agents. Each agent receives at most one object and monetary
compensations are not possible. We completely describe all rules satisfying efficiency
and resource-monotonicity. The characterized rules assign the objects in a sequence
of steps such that at each step there is either a dictator or two agents who “trade”
objects from their hierarchically specified “endowments.”
Keywords : indivisible objects, resource-monotonicity
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Introduction

We study the problem of allocating heterogeneous indivisible objects among
a group of agents (for instance, houses, jobs, or o¢ces) when monetary compensations are not possible. Agents are assumed to have strict preferences
over objects and remaining unassigned. An assignment is an allocation of
the objects to the agents such that every agent receives at most one object.
A rule associates an assignment to each preference pro…le. This problem is
known as house allocation and it is the subject of recent papers by Abdulkadiro¼glu and Sönmez (1998, 1999), Bogomolnaia and Moulin (2001), Ehlers
(2002a), Ehlers and Klaus (2002a, 2002b), Ehlers, Klaus, and Pápai (2002),
Ergin (2000, 2002), Pápai (2000), and Svensson (1999).1
We consider situations where resources may change. When the change
of the environment is exogenous, it would be unfair if the agents who were
not responsible for this change are treated unequally. We apply this idea of
solidarity and require that if more resources are available, then as a result
either all remaining agents (weakly) gain or they all (weakly) lose. This
requirement is called resource-monotonicity (Chun and Thomson, 1988).
Some recent studies that consider resource-monotonic allocation for di¤erent economic environments are Moulin (1999) and Ehlers (2002b, allocation
with single-peaked preferences), Ehlers and Klaus (2000, multiple assignment problems), Hokari (2000, convex TU-games), and Maniquet and Sprumont (2000, fair division).2 Essentially all the above mentioned articles
study the restrictions resource-monotonicity imposes by either (a) inducing
incompatibilities with other desirable properties (e¢ciency and conditional
equal split in Maniquet and Sprumont (2000)) or solution concepts (the nucleolus in Hokari (2000)) or (b) by decisively narrowing down the class of
available allocation rules that satisfy resource-monotonicity and other desirable properties (e.g., …xed-path rationing methods in Moulin (1999) and
Ehlers (2002b) or serial dictatorships in Ehlers and Klaus (2000)).
We contribute to this line of research by applying resource-monotonicity
to house allocation problems. Our main result is the characterization of
a class of rules, called mixed dictator-pairwise-exchange rules, by e¢ciency
and resource-monotonicity. Mixed dictator-pairwise-exchange rules are essentially hierarchical since they allow “trading” of the objects by at most two
agents at a time. Therefore, our result implies that e¢ciency and resourcemonotonicity are only feasible in the absence of initial individual ownership
1
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(or, more precisely, in the absence of more than two owners at a time).
In Section 2 we introduce the house allocation problem with variable
resources and de…ne our main properties for rules. In Section 3 we …rst
present the class of mixed dictator-pairwise-exchange rules. We state and
discuss our characterization of this class of rules by e¢ciency and resourcemonotonicity in the second part of Section 3. We prove our main result in
Section 4.
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House Allocation with Variable Resources

Let N denote a …nite set of agents, jNj ¸ 2. Let K denote a set of potential objects. For technical convenience, we assume jKj > jNj.3 Let 0
represent the null object. “Receiving the null object” means “not receiving
any object.” Each agent i 2 N is equipped with a strict preference relation
Ri over K [ f0g. In other words, Ri is a linear order over K [ f0g. Given
x; y 2 K [f0g, xPi y means that agent i strictly prefers x to y. Let R denote
the class of all linear orders over K [ f0g, and RN the set of (preference)
pro…les R = (Ri)i2N such that for all i 2 N, Ri 2 R. Given K0 µ K [ f0g,
let Ri jK0 denote the restriction of Ri to K 0 and RjK0 = (Ri jK0 )i2N . Let
R0 Ã R denote the class of preference relations where the null object is the
worst object. That is, if Ri 2 R0 , then all the objects are “goods”: for all
x 2 K; x Pi 0.
An allocation is a list a = (ai )i2N such that for all i 2 N, ai 2 K [ f0g,
and none of the objects in K is assigned to more than one agent. Note that
0, the null object, can be assigned to any number of agents and that not all
objects in K have to be assigned. Let A denote the set of all allocations.
Let H denote the set of all non-empty subsets H of K. A (house allocation)
problem consists of a set of objects H 2 H and a preference pro…le R 2 RN .
An (allocation) rule is a function ' : RN £H ! A such that for all problems
(R; H) 2 RN £ H:
(i) '(R; H) 2 A is feasible, i.e., for all i 2 N, 'i (R; H) 2 H [ f0g and
(ii) '(R; H) is independent of irrelevant objects, i.e., for all R0 2 RN such
that RjH[f0g = R 0jH[f0g , '(R; H ) = '(R0 ; H).
By feasibility (i), each agent receives an available object or nothing. By
independence of irrelevant objects (ii), the rule depends only on preferences
3
If jK j = 1, then jKj > jN j is trivially satis…ed. We explain how to adjust the results
if jK j · jNj at the end of Section 3.
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over the set of available objects. The set of available objects includes the null
object since it is available in any economy. Given i 2 N, we call 'i (R; H)
the allotment of agent i at '(R; H).
First, we require that a rule chooses only (Pareto) e¢cient allocations.
E¢ciency: For all (R; H) 2 RN £ H, there is no feasible allocation a 2 A
such that for all i 2 N, ai Ri 'i(R; H), with strict preference holding for
some j 2 N.
When the set of objects varies, then a natural requirement is resourcemonotonicity. It describes the e¤ect of a change in the available resource
on the welfare of the agents. A rule satis…es resource-monotonicity, if after
such a change either all agents (weakly) lose or all (weakly) gain.
It is easy to see that in combination with e¢ciency, resourcemonotonicity means that if for some …xed preference pro…le and some …xed
set of objects, new additional objects are available, then – this being good
news – all agents (weakly) gain. Since we study resource-monotonicity together with e¢ciency we use the latter to formalize resource-monotonicity.
Resource-Monotonicity: For all R 2 RN and all H; H 0 2 H, if H µ H 0 ,
then for all i 2 N, 'i(R; H 0 ) Ri 'i(R; H).

3

Mixed Dictator-Pairwise-Exchange Rules

Our aim is to describe the class of rules that are e¢cient and resourcemonotonic. Each rule belonging to this class allocates the available objects in
a sequence of steps as follows: At the …rst step there is either a dictator who
receives for all problems his most preferred object from the set of available
objects or there are exactly two agents who divide the set of objects among
them and for all problems their allotments result from a pairwise exchange
using the division of the objects as endowments. At the second step there is
again either a dictator or a pairwise exchange (restricted to the remaining
available objects); and so on. Here, we call such a rule a mixed dictatorpairwise-exchange rule (Ehlers, 2002a). In Ehlers, Klaus, and Pápai (2002)
we essentially discuss the same class of rules under the name “restricted
endowment inheritance rules.” For another interpretation of these rules as
so-called e¢cient priority rules, we refer to Ehlers and Klaus (2002b) and
Ergin (2002).
For the formal description we use (endowment) inheritance tables (Pápai,
2000). For each object x 2 K, a one-to-one function ¼x : f1; : : : ; jNjg ! N
speci…es the inheritance of object x. Here agent ¼x(1) is initially endowed
with x. If x is still available after ¼x(1) received an object, then ¼x(2)
3

inherits x; and so on. Let ¦N denote the set of all one-to-one functions
from f1; : : : ; jN jg to N . An inheritance table is a pro…le ¼ = (¼x)x2K
specifying the inheritance of each object. We call an inheritance table ¼
a mixed dictator-pairwise-exchange inheritance table with respect to S =
(S1 ; S2; : : : ; Sm) if
(i) (S1; S2 ; : : : ; Sm ) is a partition of N into singletons and pairs, i.e., for
all t 2 f1; : : : ; mg, 2 ¸ jStj ¸ 1,
(ii) row 1 and row jS1j of the inheritance table contain exactly S1 , i.e.,
f¼ x(1) j x 2 Kg = S1 and f¼x(jS1j) j x 2 Kg = S1, and
P
Pt
(iii) row 1+ t¡1
i.e., for all t 2
l=1 jSl j and
l=1 jSl j contain exactly St,P
Prow
t
f2; : : : ; mg, f¼x(1 + t¡1
jS
j)
j
x
2
Kg
=
S
and
f¼
(
t
x
l=1 l
l=1 jSl j) j x 2
Kg = St .
Given i 2 N and H 2 H, let top(Ri; H) denote agent i’s most preferred
object under Ri in H [ f0g.
Mixed Dictator-Pairwise-Exchange Rules, '(¼;S) : Given a mixed
dictator-pairwise-exchange inheritance table ¼ with respect to S =
(S1 ; S2; : : : ; Sm), for all (R; H) 2 RN £ H the allocation '(¼;S) (R; H ) is
inductively determined as follows:
Step 1:
(¼;S)

(a) If S1 = fig, then 'i
(R; H) = top(Ri ; H).
(b) Let S1 = fi; jg (i 6= j). If top(Ri ; H ) = top(Rj ; H ) ´ h1 2 H and
(¼;S)
(¼;S)
¼ h1 (1) = i, then 'i
(R; H) = h1 and 'j (R; H) = top(Rj ; H nfh1g).
Otherwise, '(¼;S)
(R; H ) = top(Ri ; H ) and '(¼;S)
(R; H) = top(Rj ; H ).
i
j

Step t: Let Ht¡1 = [i2 ([t¡1Sl )f'(¼;S)
(R; H )g denote the set of objects
i
l=1
that are assigned up to Step t.
(¼;S)

(a) If St = fig, then 'i
(R; H) = top(Ri; HnHt¡1).
(b) Let St = fi; jg (i 6= j). If top(Ri ; HnHt¡1 ) = top(Rj ; HnHt¡1 ) ´
P
(¼;S)
ht 2 HnHt¡1 and ¼ ht (1 + t¡1
(R; H ) = ht and
l=1 jSl j) = i, then 'i
(¼;S)
'j (R; H ) = top(Rj ; H n(Ht¡1 [ fht g)). Otherwise, '(¼;S)
(R; H ) =
i
(¼;S)

top(Ri ; H nHt¡1) and 'j (R; H) = top(Rj ; HnHt¡1).
Mixed dictator-pairwise-exchange rules are a subclass of endowment inheritance rules as discussed in Ehlers, Klaus, and Pápai (2002).4 Our main
result also applies to the domain RN
0 where all objects are “goods”.
4
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Theorem 1. On the domain RN (RN
0 ), mixed dictator-pairwise-exchange
rules are the only rules satisfying e¢ciency and resource-monotonicity.
We present the proof of this characterization in Section 4.
Theorem 1 is a characterization which is based on two relatively
mild requirements since many rules satisfy either e¢ciency or resourcemonotonicity. However, there is only a small class of rules satisfying both
axioms. Furthermore, note that Theorem 1 is the …rst characterization in
house allocation problems that does not require strategy-proofness: no agent
can ever bene…t from misrepresenting his preferences. Next we demonstrate
that in fact all mixed dictator-pairwise-exchange rules satisfy the stronger
non-manipulability property of coalitional strategy-proofness: no group of
agents can ever bene…t by misrepresenting their preferences.
Given R 2 RN and M µ N, let RM denote the pro…le (Ri )i2M . It is the
restriction of R to the subset M of agents.
Coalitional Strategy-Proofness: For all (R; H) 2 RN £H and all M µ
¹ M 2 RM such that for all i 2 M, ' ((R
¹ M ; R¡M ); H) Ri
N, there exists no R
i
'i (R; H), with strict preference holding for some j 2 M:
The following corollary from Theorem 1 is implied by the fact that any
mixed dictator-pairwise-exchange rule is an endowment inheritance rule,
which is coalitionally strategy-proof (Pápai, 2000).
Corollary 1. If a rule is e¢cient and resource-monotonic, then it is coalitionally strategy-proof.
In an earlier version of this article we characterized the class of mixed
dictator-pairwise-exchange rules by e¢ciency, resource-monotonicity, and
coalitional strategy-proofness. In Theorem 1 we strengthen this result by
dropping coalitional strategy-proofness and including the much weaker (and
in this context very natural) independence of irrelevant objects in the de…nition of a rule. The use of coalitional strategy-proofness greatly simpli…es
the proof, which then is very similar to the proof of the characterization
presented in Ehlers, Klaus, and Pápai (2002).
Ehlers, Klaus, and Pápai (2002) characterize the same class of rules
by e¢ciency, strategy-proofness, and the solidarity property populationmonotonicity 5 . Similarly as in Ehlers, Klaus, and Pápai (2002) we conclude
omit their somewhat tedious de…nition and refer the interested reader to Pápai (2000). It
is interesting to note that on the domain RN
0 some inheritance tables that do not satisfy
the conditions of a mixed dictator-pairwise-exchange inheritance table may still generate
an endowment inheritance rule that equals a mixed dictator-pairwise-exchange rule.
5
If some agents leave, then as a result either all remaining agents (weakly) gain or they
all (weakly) lose.
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that guaranteeing solidarity comes with a price. Whereas without the solidarity property agents can “trade” objects arbitrarily, resource-monotonicity
restricts the assignment of individual property rights and therefore “trading” to two agents at a time. This does not come as a surprise, considering
that much of the literature on resource-monotonicity deals with impossibilities and incompatibilities (e.g., Hokari (2000), Maniquet and Sprumont
(2000), Moulin and Thomson (1988), and Thomson (1994)). In fact, in light
of this literature, our results can be regarded as positive results: we were
able to identify rules that not only satisfy resource-monotonicity, but also
the similarly demanding property of coalitional strategy-proofness. In spite
of the hierarchical nature of these rules, they are not unappealing, and they
o¤er ‡exibility in selecting the hierarchy itself and choosing the splitting of
the endowments in the case of “twin-dictators.”
It is easy to see that the e¢ciency and resource-monotonicity are logically independent. Below we discuss how our results change if jKj < jNj.

Adjustments for jKj · jNj

Recall that so far we have been assuming jKj > jN j for technical convenience. Now assume jKj · jNj and denote k ´ jKj and n ´ jN j. For the
larger domain R all our results remain true. However, if n ¸ k, then on the
domain R0 ; where the null object is always ranked last, we derive a slightly
bigger set of rules, which are essentially mixed dictator-pairwise-exchange
rules except that, loosely speaking, the last two objects may be arbitrarily
inherited.
In particular, these allocation rules still require that the inheritance table
re‡ects that at most two agents trade. However, since every agent who leaves
the market receives an object, given the preference domain R0 , only the …rst
k rows of the inheritance table are relevant if n > k. In fact, inheritance of
an object by an agent in row k ¡ 1 implies that there are no more than two
objects left, given that k ¡ 2 agents have already received their allotments,
and thus independent of the structure of the inheritance table after row
k, these rules still do not allow trading by more than two agents. This is
illustrated by the following example.
Example 1. Let N = f1; 2; 3; 4g and K = fx; y; zg. Consider the inheri-
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tance table ¼ speci…ed below.
¼x ¼y ¼z
1 1 1
2 3 4
3 4 2
4 2 3
Note that when preferences are restricted to R0 ; '¼ satis…es e¢ciency,
resource-monotonicity, and coalitional strategy-proofness. Furthermore,
note that even though the second and third rows contain three di¤erent agents
each, an agent in the second row inherits an object only if agent 1 has already received an object (which is di¤erent from the null object, since the
null object is ranked last). Thus, exactly two agents inherit objects in the
second row, and trading by three agents is excluded by this rule.
}
There are two di¢culties regarding the speci…cation of mixed dictatorpairwise-exchange inheritance tables when n ¸ k. The …rst one has to
do with the uniqueness of the inheritance tables. When agents may rank
the null object …rst (for preferences in R), each mixed dictator-pairwiseexchange inheritance table ¼ uniquely de…nes a mixed dictator-pairwiseexchange rule, in the sense that for two di¤erent mixed dictator-pairwiseexchange inheritance tables there always exists at least one preference pro…le
at which the resulting allocations di¤er. This follows since, in situations
where agents want to consume the null object and thus can leave the market
without any assignment, each entry in a mixed dictator-pairwise-exchange
inheritance table ¼ matters, given that the potential inheritance indicated
by each entry is realized in certain cases. By contrast, if agents always rank
the null object last (the case we are examining here), a mixed dictatorpairwise-exchange inheritance table may not uniquely de…ne a rule.6 Note
that in Example 1 the entire last two rows are redundant: since 2; 3, and 4
(in fact, only two of them) inherit one object each from 1, given the second
row of the table, further inheritances will not occur at any preference pro…le.
The second di¢culty is that when inheritances indicated by entries in
the last (k-th) row of the table are not redundant, they may depend on the
allocation of the objects to agents who have already received their assignments. For example, if agents 1 and 2 share exclusively the …rst two rows
of an inheritance table, given the same setup as in Example 1, then we may
6

This possibility of non-uniqueness is re‡ected in the de…nition of the more general
class of endowment inheritance rules. For a further discussion of uniqueness see Pápai
(2000).
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specify the inheritance of object z (which is not redundant in this case) as
follows: let 3 inherit z if 1 receives x and 2 receives y, and let 4 inherit z
if 1 receives y and 2 receives x. This “history-dependent” speci…cation of
inheritance, unlike in any other case, does not violate resource-monotonicity
in the current case, since on the preference domain R0 agents 3 or 4 will
never inherit from 1 or 2 if there is less than the full set of three objects to
allocate. Note that this type of conditional inheritance cannot be described
by an inheritance table, and that in fact these rules do not form a subclass
of the endowment inheritance rules.7
Both of the above di¢culties are avoided if n < k, that is, if the full
set of objects contains more objects than there are agents. The reason for
this is that in this case resource-monotonicity has implications for the last
two rows of the inheritance table as well, even on the smaller preference
domain R0, which precludes agents who have endowments from leaving the
market without an object. Note, furthermore, that the rules satisfying the
required properties when n ¸ k are not signi…cantly di¤erent from the mixed
dictator-pairwise-exchange rules: the di¤erences only concern the allocation
of the last two objects, and these rules only o¤er more ‡exibility in choosing
the last two recipients, while trade is still restricted to at most two agents.
Therefore, in order to avoid the addition of tedious details, we state and
prove our theorem on the preference domain R0 for the less general case of
n < k. Finally note that we do not compromise much with this assumption,
since it is a very reasonable assumption in the context of variable resources:
it simply says that we have more potentially available objects than the …xed
number of agents, but, since resources may vary, it may be the case that the
actually available set of objects contains fewer objects than the number of
the agents.

4

Proof of Theorem 1

It is easy to verify that mixed dictator-pairwise-exchange rules satisfy ef…ciency and resource-monotonicity since no more than two agents “trade”
at any step. In proving the converse, let ' be a rule satisfying e¢ciency
and resource-monotonicity. We give all proofs for the domain R0 , since the
proof for the larger domain R is completely analogous.
Recall that jKj > jNj and since all agents always rank the null object
7

The hierarchical exchange rules de…ned in Pápai (2000) include “history-dependent”
inheritances and thus further explanations may b e found there.
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0
last, for all H 2 H and all R; R0 2 RN
0 such that RjH = R jH we have

'(R; H ) = '(R0 ; H):

(1)

Equation (1) re‡ects independence of irrelevant objects on R0 , denoted IIO
in the sequel, as speci…ed in the de…nition of a rule.
We prove that we can calculate allocations assigned by ' in a sequence of
steps that correspond to the algorithm for a unique mixed dictator-pairwiseexchange rule.
1. At most two agents trade in Step 1
h
Let R 2 RN
0 . For all h 2 K, we de…ne f (1) = i if and only if
'i (R; fhg) = h. By e¢ciency, f h(1) is well-de…ned. Note that (1) and
the fact that the null object is ranked last imply that the de…nition of f h(1)
is independent from the choice of R. We call agent f h(1) the dictator over
object h and de…ne ¼ h(1) = f h(1).
The …rst lemma proves that the …rst row of the inheritance table contains
at most two agents.
¯
¯
Lemma 1. ¯ff h (1) j h 2 Kg¯ · 2.
¯
¯
Proof. Suppose that ¯ff h (1) j h 2 Kg¯ ¸ 3. Let 1; 2; 3 2 N, a; b; c 2 K,
and
'1(R; fag) = a;
'2 (R; fbg) = b;
'3 (R; fcg) = c:

Let R0 2 RN
0 be such that
b P10 c P10 a,
a P20 b P20 c,
a P30 c P30 b.
By Rjfag = R0 jfag, '1(R0 ; fag) = a. Similarly, '2(R0 ; fbg) = b and
'3 (R0 ; fcg) = c. Hence, by e¢ciency and resource-monotonicity,
'1(R0; fa; bg)
'2(R0; fa; bg)
'1(R0; fa; cg)
'3(R0; fa; cg)
9

=
=
=
=

b;
a;
c;
a.

Now
resource-monotonicity
yields
the
desired
contradiction
'2 (R0 ; fa; b; cg) = a and '3(R0; fa; b; cg) = a.
¤
N
¹
¹
Let a; b 2 K be such that a 6= b. Let R 2 R0 be such that a Pf a (1) b
and for all i 2 Nnff a(1)g, b P¹i a. We de…ne fba (2) = i if and only if
¹ fa; bg) = b.
'i (R;
The following argument shows that f ba (2) 2 Nnff a (1)g. By IIO,
¹ fag) = a. Thus, by a P¹f a (1) b and resource-monotonicity,
'f a (1) (R;
¹ fa; bg) = a. Then e¢ciency implies that f a (2) 2 Nnff a (1)g.
'f a (1) (R;
b
Similarly as in Lemma 1 the following holds.
Lemma 2. jffba(2) j b 2 Knfaggj · 2.

Assume that agent i is the dictator over objects a and b, i.e., i = f a (1) =
f b (1). Then, a second dictator of a third object does not depend on which
of the …rst two objects agent i picks.
Lemma 3. Let a; b 2 K be such that f a(1) = f b (1). Then for all c 2
Knfa; bg we have fca (2) = fcb(2).
Proof. Without loss of generality, let f a (1) = f b (1) = 1 and fca (2) = 2.
Let R 2 RN
0 be such that b P 1 a P1 c and for all i 2 Nnf1g, top(Ri ; K) =
a
c. By f (1) = 1, IIO, and resource-monotonicity, '1(R; fa; cg) = a.
¹ fa;cg, '2(R; fa; cg) = c. By resourceBy fca (2) = 2 and Rjfa;cg = Rj
monotonicity, '2(R; fa; b; cg) = c (otherwise 2 would lose). Since f b (1) = 1,
'1 (R; fb; cg) = b. Thus, by resource-monotonicity, '2(R; fb; cg) = c (otherwise, some agent j 62 f1; 2g gains when object a is removed). Thus, by IIO,
fcb (2) = 2 = fca (2).
¤
By Lemma 1 we have two cases. In Case 1 we can derive the allotment for
one agent by a “dictator step” in the …rst step of the de…nition of a mixed
dictator-pairwise-exchange rule. Case 2 deals with a pairwise exchange step.
Case 1: Step 1 is a dictator step, i.e., without loss of generality, for all
h 2 K, f h(1) = 1. Thus, for all h 2 K, ¼h (1) = 1 and S1 = f1g.
Note that resource-monotonicity implies that agent 1 receives for all
economies his most preferred object. First, we show that the de…nition
of fca (2) is independent from R Nnf1g. Let f ca (2) = 2.
Lemma 4. For all R 2 RN
0 , if a P 1 c, then '2(R; fa; cg) = c.
¹ ¹
Proof. Let b 2 Knfa; cg. Let R¹ 2 RN
0 be such that a P1 b P 1 c and for all
¹
¹
i 2 Nnf1g, Rijfa;cg = Rijfa;cg and c Pi b. By Lemma 3 and f a(1) = f b (1) = 1,
we have fca (2) = fcb(2) = 2. By IIO,
¹ fa; cg) = '(R; fa; cg):
'(R;
10

(2)

¹ '1(R;
¹ fb; cg) = b and '2(R;
¹ fb; cg) =
By IIO and the construction of R,
a
¹
c. By resource-monotonicity, '1(R; fa; b; cg) = a (since f (1) = 1) and
¹ fa; b; cg) = c. Since f a(1) = 1, '1(R;
¹ fa; cg) = a. Thus, by
therefore, '2(R;
¹
resource-monotonicity, '2(R; fa; cg) = c (otherwise, some agent j 62 f1; 2g
gains when object b is removed). Hence, by (2), '2 (R; fa; cg) = 2.
¤
The next lemma is the important step for Case 1 in proving that the
next row of the inheritance table contains at most two agents.
Lemma 5. jffca(2) j a; c 2 K and a 6= cgj · 2.
Proof. Suppose that jffca(2) j a; c 2 K and a 6= cgj ¸ 3. Hence, jNj ¸ 4.
By Lemmas 2 and 3, for some a 2 K we must have jffxa(2) j x 2 Knfaggj = 2
and for some h 2 Knfag, fah (2) 2
= ffxa(2) j x 2 Knfagg. Let
¯
¯
¯ h
¯
¯ffa (2); fba (2); fca (2)g¯ = 3:
(3)

Without loss of generality, let h 6= b. By Lemma 3, fab(2) = fah(2). Since
jNj ¸ 4 and jKj > jNj, there exists d 2 Knfa; b; cg. By Lemma 3, we
d
b
d
a
d
a
have
¯ d fa (2) = fa (2), ¯ fb (2) = fb (2), and f c (2) = fc (2). Thus, by (3),
¯ff (2) j h 2 Knfdgg¯ ¸ 3, which contradicts Lemma 3.
¤
h
Case 2: Step 1 is a pairwise exchange step, i.e., without loss of generality, ff h(1) j h 2 Kg = f1; 2g. Thus, for all h 2 K, ¼h(1) 2 f1; 2g and
S1 = f1; 2g.8
First note the following feature of mixed dictator-pairwise-exchange rules.
Suppose that f a (1) = 1 and for all h 2 Knfag, f h(1) = 2, i.e., 1 owns object
a only. Then 1 either receives a or he inherits another object from 2 or he
exchanges a for another object. In particular, 2 never “physically” inherits
object a.
The following lemma shows that if agent 1 owns at least two objects,
then he inherits his objects to agent 2.
Lemma 6. If f a(1) = f b(1) = 1, then fba (2) = 2.
Proof. By Case 2, there is some c 2 Knfa; bg such that f c (1) = 2. Let
R 2 RN
0 be such that aP1 cP 1 b and for all i 2 N nf1g, bPi cP i a. By e¢ciency,
resource-monotonicity, f b(1) = 1, and f c (1) = 2, we have '1 (R; fb; cg) = c
and '2(R; fb; cg) = b. By resource-monotonicity, we have '1(R; fa; b; cg) =
a (since f a (1) = 1) and '2 (R; fa; b; cg) = b. Since f a (1) = 1, '1 (R; fa; bg) =
a. Thus, by resource-monotonicity, '2(R; fa; bg) = b (otherwise, some agent
8

If ¼ h(1) = 1, de…ne ¼ h(2) = 2 and if ¼h (1) = 2, de…ne ¼h (2) = 1.
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j 62 f1; 2g would gain when object c is removed). Thus, by IIO, fba (2) = 2,
the desired conclusion.
¤
Lemma 6 implies that whenever there are only two objects, then agents 1
and 2 receive them and the other agents receive the null object. By e¢ciency
and resource-monotonicity in Case 2 the …rst step is a pairwise exchange.
¹ ¹
¹ ¹
Next we de…ne fcab(3). Let R¹ 2 RN
0 be such that a P1 b P1 c, b P 2 a P2 c,
¹
¹
¹
and for all i 2 Nnf1; 2g, c Pi a Pi b. Notice that at R, since the …rst step is a
pairwise exchange, agent 1 receives object a and agent 2 object b whenever
¹ fa; b; cg) = a and ' (R;
¹ fa; b; cg) = b. We
a and b are present. Thus, '1(R;
2
ab
¹
de…ne fc (3) = j if and only if 'j (R; fa; b; cg) = c. By e¢ciency, fcab(3) is
well-de…ned.
Next, we show that the de…nition of fcab (3) is independent from object b
that agent 2 picks. Let d 2 Knfa; b; cg.
Lemma 7. fcab (3) = fcad(3).
Proof. Let R 2 RN
0 be such that a P 1 b P1 d P 1 c, d P 2 b P 2 a P 2 c, and for
all i 2 Nnf1; 2g, c Pi a Pi b Pi d. By de…nition and IIO, '1(R; fa; c; dg) = a,
'2 (R; fa; c; dg) = d, and 'fcad (3) (R; fa; c; dg) = c. By resource-monotonicity,
'1 (R; fa; b; c; dg) = a, '2 (R; fa; b; c; dg) = d, and 'fcad(3) (R; fa; b; c; dg) =
c. Since the …rst step is a pairwise exchange, '1 (R; fa; b; cg) = a and
'2 (R; fa; b; cg) = b. Thus, by resource-monotonicity, 'fcad (3) (R; fa; b; cg) =
c (otherwise, some agent j 62 f1; 2; fcad(3)g gains when object d is removed).
Hence, by de…nition and IIO, fcab(3) = fcad (3), the desired conclusion.
¤
Similar to Lemma 7 we can prove the following lemma.
Lemma 8. fcab (3) = fcdb (3).
Lemmas 7 and 8 together with IIO imply that f cab (3) = fcba (3),9 i.e.,
the de…nition of the third agent is independent from whether agent 1 picks
object a and agent 2 object b or vice versa. Furthermore, Lemmas 7 and 8
imply
¯
¯
¯ hh0
¯
(4)
¯ffa (3) j h; h0 2 Knfag and h 6= h0 g¯ = 1:
Next we show that if agent 1 owns object a, then the de…nition of fcab(3)
is independent from whether agent 2 prefers object a to b or object b to a.
Lemma 9. Let f a (1) = 1 and R 2 RN
0 be such that a P 1 b P1 c, a P2 b P 2 c,
and for all i 2 Nnf1; 2g, c Pi a Pi b. Then 'fcab (3) (R; fa; b; cg) = c.
9

We have fcab (3) = fcad (3) = fcbd (3) = fcba (3).
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Proof. Let d 2 Knfa; b; cg. Let R0 2 R be such that a P10 b P10 d P10 c,
d P20 a P20 b P20 c, and for all i 2 N nf1; 2g, c Pi0 a Pi0 d Pi0 b.
By Lemma 7, fcad (3) = fcab(3). Thus, by de…nition of R0 and IIO,
we have 'fcad(3) (R0 ; fa; c; dg) = 'fcab (3) (R0; fa; c; dg) = c. By resourcemonotonicity, 'fcab (3) (R0 ; fa; b; c; dg) = c. Since the …rst step is a pairwise exchange, '1(R0 ; fa; b; cg) = a and '2(R0 ; fa; b; cg) = b. Thus,
by resource-monotonicity, 'fcab (3) (R0 ; fa; b; cg) = c (otherwise, some agent
j 62 f1; 2; fcab(3)g gains when object d is removed). By construction,
R0 jfa;b;cg = Rjfa;b;cg, and by IIO, '(R0 ; fa; b; cg) = '(R; fa; b; cg), the desired conclusion.
¤
Similarly to the proof of Lemma 9 we can show that whenever agents
1 and 2 receive objects a and b, always the same agent receives object c if
H = fa; b; cg, event if agent 1 or agent 2 rank object c as their second best
object among the objects in H = fa; b; cg (and not as their worst as assumed
in Lemma 9). This fact and Lemma 9 imply that the de…nition of fcab (3) is
independent from the preferences of agents 1 and 2 (given that they strictly
prefer both objects to c).
The following lemma is similar to Lemma 2.
¯
¯
Lemma 10. ¯ffhab(3) j h 2 Knfa; bgg¯ · 2.
The next lemma is similar to Lemma 5. We prove that the third row of
the inheritance table contains at most two agents.
¯
¯
¯ hh0
¯
0
0
¹
¹
Lemma 11. ¯ff¹h (3) j h; h ; h 2 K and jfh; h ; hgj = 3g ¯ · 2.
¯
¯
0
¯
¯
Proof. Suppose that ¯ff¹hhh (3) j h; h0 ; ¹h 2 K and jfh; h0 ; ¹hgj = 3g¯ ¸ 3.
Hence,
and jKj
¯ bc jNjac ¸ 5 ab
¯ > 5. By (4) there exist a; b; c 2 K such that
¯ffa (3); f (3); fc (3)g¯ = 3 and jfa; b; cgj = 3. Let d; e 2 Knfa; b; cg. By
b
de
bc
de
ac
de
ab
(4), we
have
¯ de fa (3) = fa (3),¯ fb (3) = f b (3), and fc (3) = fc (3). But
¯
¯
then ffh (3) j h 2 Knfd; egg ¸ 3, which contradicts Lemma 10.
¤
We already proved that whenever agents 1 and 2 receive objects a and
b, always the same agent receives object c if H = fa; b; cg and for all agents
i 2 Nnf1; 2g, c Pi a Pi b. Finally, we show that the agent who receives the
object c does not depend on the preferences of agents in Nnf1; 2g.
Lemma 12. Let R 2 RN
0 be such that '1(R; fa; b; cg) = a and
'2 (R; fa; b; cg) = b. Then 'fcab (3) (R; fa; b; cg) = c.
Proof. Since jKj > jNj we assume that jKj ¸ 5 (otherwise jNj = 3 and
the conclusion of Lemma 12 is trivial). Let d; e 2 Knfa; b; cg. By IIO, we
13

may suppose that c is ranked worst in fc; d; eg for agents 1 and 2, 1 prefers
a to both d and e, and 2 prefers b to both d and e. By (4) we have
fcde (3) = fcab (3):

(5)

0
Let R0 2 RN
0 be such that R f1;2g = Rf1;2g and for all i 2 Nnf1; 2g,
R0ijfa;b;cg = Rijfa;b;cg and c Pi0 d Pi0 e. By IIO,

'(R0 ; fa; b; cg) = '(R; fa; b; cg):

(6)

By de…nition and (5), 'fcab (3) (R0 ; fc; d; eg) = c. By resource-monotonicity,
'1 (R0 ; fa; b; c; d; eg) = a and '2 (R 0; fa; b; c; d; eg) = b.
Thus, by
resource-monotonicity, 'fcab (3) (R 0; fa; b; c; d; eg) = c. Again, by resourcemonotonicity, 'fcab (3) (R0; fa; b; cg) = c (otherwise, some agent j 62
f1; 2; f cab (3)g would gain when objects d and e are removed). Hence, by
(6), 'fcab (3) (R; fa; b; cg) = c.
¤
Cases 1 and 2 imply that at Step 2 at most two agents trade (Lemmas
5 and 11) independently of the preference pro…le and the allotments of the
dictator(s) at Step 1 (Lemmas 4, 9, and 12). Similarly as for Step 1, we
can now prove that Step 2 is either a dictator step or a pairwise exchange
step and that again at Step 3, if it exists, at most two agents trade
independently of the preference pro…le and the allotments of the dictator(s)
at Steps 1 and 2, etc.

2. General Induction Step: In the …rst part of the proof, we have shown
that ' allocates the objects through a dictatorship or a pairwise exchange in
both Step 1 and Step 2. As already indicated above, in proving the general
induction step we use the arguments of the …rst part of the proof (they give
a lot of insight how the axioms work) and the following de…nitions.
Suppose that we have de…ned the mixed dictator-pairwise exchange rule
up to Step t. Let S1; S2; : : : ; St be the members of the orderedP
partition up
to Step t, where each member is a singleton or a pair. Let s ´ tl=1 jSl j (so,
the …rst s rows of the mixed dictator-pairwise-exchange inheritance table
are de…ned). Without loss of generality, let [tl=1Sl = f1; 2; : : : ; sg.
We de…ne the (s + 1)st row as follows. For all H s µ K such that
s
jH j = s and all c 2 KnH s , order H s in an arbitrary manner, say H s =
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fh1 ; h2; : : : ; hsg, and let R 2 RN
0 be such that
h1 P1 h2 P1 h3 P1 ¢ ¢ ¢ P1 hs P1 c,
h2 P2 h1 P2 h3 P2 ¢ ¢ ¢ P2 hs P2 c,
h3 P3 h1 P3 h2 P3 ¢ ¢ ¢ P3 hs P3 c,
h4 P4 h1 P4 h2 P4 ¢ ¢ ¢ P4 hs P4 c,
..
..
.
.
hs Ps h1 Ps h2 Ps ¢ ¢ ¢ Ps hs¡1 Ps c,

and for all i 2 N nf1; : : : ; sg,

c Pi h1 Pi h2 Pi : : : Pi hs .

Note that for all is 2 f1; : : : ; sg, 'is (R; H s [ fcg) = hs. We de…ne10
fc(h1 ;:::;hs ) (s + 1) = j , 'j (R; H s [ fcg) = c:

Let d 2 Kn(H s [ fcg). Similarly to Lemma 7 we can show the following.
Lemma 13. fc(d;h2;:::;hs ) (s + 1) = fc(h1;h2 ;:::;hs) (s + 1).

Using Lemma 13 it follows that fc(h1 ;h2 ;:::;hs) (s + 1) does not depend on
(h ;h ;h ;:::;h )
(h ;h ;:::;h )
the order of H s . For example, fc 2 1 3 s (s + 1) = fc 1 2 s (s + 1).
s
Then fcH (s + 1) = fc(h1 ;h2;:::;hs ) (s + 1) is well-de…ned. Similarly to (4) we
have then
¯ Hs
¯
¯ffc (s + 1) j H s µ Knfcg and jH s j = sg¯ = 1:
Then, similarly to Lemmas 9 and 11 in Case 2 of the …rst part of the proof,
we can show that the (s +1)st row of the inheritance table contains at most
two agents (Lemma 14), independently from the order of H s and the set of
s objects H s we pick.
¯
¯
s
Lemma 14. ¯ff H (s + 1) j H s [ fhg µ K and jH s [ fhgj = s + 1g ¯ · 2:
h

s

Then similarly to Lemma 12 it follows that f cH (s + 1) receives c at any
pro…le where agents f1; : : : ; sg receive H s in the …rst t steps.

Lemma 15. Let H s µ K be such that jH sj = s, c 2 KnH s , and
s
s
s
R 2 RN
0 be such that f'1(R; H [ fcg); : : : ; 's (R; H [ fcg)g = H . Then
s
'fcHs (s+1) (R; H [ fcg) = c.
Finally, from resource-monotonicity it follows that Step s+1 is a dictator
step or a pairwise exchange step.
10

Note that before we wrote fcab (3) instead of fc(a;b)(3).
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