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Abstract
In practice we often face the problem of assigning indivisible objects (e.g., schools, hous-ing, jobs, o�ces) to agents (e.g., students, homeless, workers, professors) when monetarycompensations are not possible. We show that a rule that satis�es consistency, strategy-proofness, and e�ciency must be an e�cient generalized priority rule; i.e., it must adaptto an acyclic priority structure, except { maybe { for up to three agents in each object'spriority ordering.JEL Classi�cation: D63, D70Keywords: indivisible objects, priority structure, consistency, strategy-proofness.
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1 Introduction
In real life we often face the problem of allocating heterogeneous indivisible objects (for instance,schools, housing, jobs, or o�ces) among a group of agents (for instance, students, homeless,workers, or professors) when monetary compensations are not possible. Agents have strictpreferences over objects and remaining unassigned. An assignment is an allocation of the objectsto the agents such that every agent receives at most one object. A rule is a systematic way ofsolving these assignment problems that are classically called house allocation problems (theimplicit assumption being that each agent only needs at most one house to live in). The searchfor \good" house allocation rules, i.e., rules with desirable properties, is the subject of manyrecent papers.1In most real life problems \priorities" naturally arise. For example, in school choice studentswho live closer to a school and/or have siblings attending a school have higher priority to beadmitted at that school (Abdulkadiro�glu and S�onmez, 2003). When apartments are allocated,the homeless who have been waiting longer have higher priority to be assigned an apartment(similarly for the placement of students at colleges).Balinski and S�onmez (1999) were the �rst to formulate the assignment problem based onpriorities. The agents' priorities for a certain object are captured by an ordering of the agents.A priority structure is a pro�le specifying for each object a priority ordering. Given the agents'priorities, it is natural to require that the assignment does not violate any priorities. This meansthat there should be no agent who { conditional on higher priority { envies another agent (forreceiving a better object). A rule adapts to a priority structure if it always chooses an assignmentthat does not violate any priorities.It is well known, that for any pro�le of agents' preferences the assignment obtained fromapplying Gale and Shapley's (1962) deferred acceptance algorithm Pareto dominates any otherassignment which does not violate any priorities. This algorithm is called the \best" rule amongthe rules adapting to a priority structure. Unfortunately the best rule may not be e�cient. Er-gin (2002) shows that the \acyclicity" of the priority structure is equivalent to various properties(e�ciency, group strategy-proofness,2 and consistency) of the induced best rules.Consistency, our main property, is a condition of stability when the set of agents and re-sources may change. To understand this property, suppose that after objects are allocatedaccording to a rule, some agents leave the economy with their allotments, and the remainingagents \reassign" among themselves the remaining objects. What if the same rule is applied totheir \reassignment problem"? A rule is considered \unstable" or \inconsistent" if its reassign-ment di�ers from its original assignment to the remaining agents.3Our main result shows that a rule that satis�es consistency, strategy-proofness,4 and e�-ciency must be an e�cient generalized priority rule; i.e., it is e�cient and adapts to an acyclic

1See for instance, Abdulkadiro�glu and S�onmez (1998, 1999), Bogomolnaia and Moulin (2001), Chambers (2004),Ehlers (2002), Ehlers and Klaus (2003a,b), Ehlers, Klaus, and P�apai (2002), Ergin (2000), Kesten (2003a,b),P�apai (2000), and Svensson (1999).2By group strategy-proofness no group of agents can pro�t by joint misrepresentation of their preferences suchthat all members of the group weakly gain and at least one member of the group strictly gains.3Ergin (2000) studies consistency for the house allocation problem in various combinations with e�ciency,converse consistency, neutrality, and anonymity. Here, converse consistency pertains to the opposite operationof consistency ; see Thomson (2004). By neutrality, the names of the objects do not matter. By anonymity, thenames of the agents do not matter.4No agent can manipulate the allocation to his/her advantage by lying about his/her preferences.
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priority structure, except { maybe { for up to three agents in each object's priority ordering.Therefore, our properties imply that the assignment of objects must be based on an acyclic gen-eralized priority structure and the rule chooses the same allocations as the associated deferredacceptance algorithm.We proceed as follows. In Section 2 we introduce the model and the main properties. Sec-tion 3 we devote to (generalized) priority rules, two examples, and the main result. We concludein Section 4 with a brief discussion of our results and a comparison to Ehlers and Klaus (2003b).The proof of the main result is given in the Appendix.
2 House Allocation
Let P denote the set of potential agents. We assume that P is �nite and contains at least fouragents.5 Let P denote the set of all subsets of P containing at least two agents. Let K denotethe set of potential real objects. The set K can be �nite or in�nite. Not receiving any realobject is called \receiving the null object." The null object, denoted by 0, does not belong toK and is available in any economy. Let H denote the set of all �nite subsets of K.Each agent i 2 P is equipped with a strict preference relation Ri over all objects K [f0g. Inother words, Ri is a linear order over K [ f0g. Given x; y 2 K [ f0g, x Pi y means that agent istrictly prefers x to y under Ri. Let R denote the set of all linear orders over K [ f0g. GivenN � P , let RN denote the set of all (preference) pro�les R = (Ri)i2N such that for all i 2 N ,Ri 2 R. An economy (or house allocation problem) consists of a set of agents, their preferences,and a �nite set of real objects which have to be allocated among them. Formally, an economyis a triple (N;R;H) where N 2 P, R 2 RN , and H 2 H. We suppress the set of agents andwrite (R;H) instead of (N;R;H). Let EN denote the set of all economies with the set of agentsequal to N .When allocating objects each agent receives one object. The null object is the only objectwhich can be assigned to several agents. Formally, given a set of agents N , an allocation is alist a = (ai)i2N such that for all i 2 N , ai 2 K [ f0g, and none of the real objects in K isassigned to more than one agent. Note that not all real objects in K have to be assigned. An(allocation) rule is a function that assigns an allocation to every economy. Formally, a rule 'chooses for all N 2 P and all economies (R;H) 2 EN an allocation '(R;H) such that for alli 2 N , 'i(R;H) 2 H [ f0g. Given i 2 N , we call 'i(R;H) the allotment of agent i at '(R;H).
Next, we introduce our main properties for rules.

First, the rule chooses only (Pareto) e�cient allocations.
E�ciency: For all N 2 P and all (R;H) 2 EN , there is no allocation a = (ai)i2N such that forall i 2 N , ai 2 H [ f0g and ai Ri 'i(R), and for some j 2 N , aj Pj 'j(R;H).

Given N 2 P, R 2 RN , and M � N , let RM denote the pro�le (Ri)i2M . It is the restrictionof pro�le R to the subset of agents M . We also use the notation R�i = RNnfig. For example,( �Ri; R�i) denotes the pro�le obtained from R by replacing Ri by �Ri.
Second, no agent ever bene�ts from misrepresenting his/her preference relation.

5Example 2 considers jP j = 3 and clari�es why our main result has no bite in this case. Our results remainunchanged if P is in�nite.
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Strategy-Proofness: For all N 2 P, all (R;H) 2 EN , all i 2 N , and all �Ri 2 R, 'i(R;H) Ri'i(( �Ri; R�i); H).
Our last property is a stability condition. Consistency6 requires that if some agents leave aneconomy with their allotments, then the rule should allocate the remaining objects among theagents who did not leave in the same way as in the original economy.

Consistency: For all N;M 2 P such that M � N , all (R;H) 2 EN , and all i 2M ,
'i(R;H) = 'i �RM ; Hn([j2NnMf'j(R;H)g)� :

In Ehlers and Klaus (2003b) an alternative consistency condition, reallocation-consistency,is discussed. In di�erence to consistency, it is assumed that if some agents leave an economywith their allotments, then the rule should assign the objects in the same way to these agentsfor the economy where only the agents that left and their previous allotments are present.
Reallocation-Consistency: For all N;M 2 P such that M � N , all (R;H) 2 EN , and alli 2M , 'i(R;H) = 'i (RM ;[j2Mf'j(R;H)g) :

The di�erence between the two consistency properties is as follows. When de�ning consis-tency, we de�ne the so-called reduced economy for consistent rules to equal the set of agents thatwere left behind and all objects not consumed by the agents that were leaving. Hence, in sucha reduced economy there may be some unassigned objects in addition to the remaining agents'allotments { an incidence that cannot occur in a reduced economy for reallocation-consistentrules where agents can only reallocate their allotments among themselves. A priori, no logicalrelation exists between consistency and reallocation-consistency. However, in combination withstrategy-proofness and e�ciency, it follows from Ehlers and Klaus (2003b, Theorem 1) thatreallocation-consistency implies consistency, but not vice versa; see our discussion in Section 4.
3 Generalized Priority Rules
We now introduce the idea that rules may adapt to priorities. In many situations \priorities"naturally arise. For example, when o�ces are assigned to the members of a department, senioritymay matter; when apartments are assigned to graduate students, students who have been waitinglonger should come �rst; and for jobs, a candidate with higher quali�cation may be ranked abovelower quali�ed applicants.We follow the notation and terminology introduced by Ergin (2002), who studies e�cienthouse allocation on the basis of priorities.

Given x 2 K, let �x denote a linear order over P . We call �x a priority ordering forobject x. A priority structure is a pro�le � = (�x)x2K specifying for each object a priorityordering. Given N 2 P, i 2 N , R 2 RN , x 2 K, and a priority structure �, an allocation aviolates the priority of i for x if there exists j 2 N such that aj = x, i �x j, and x Pi ai (i.e.,i has higher priority for object x than j but j receives x and i envies j). A rule ' adapts to apriority structure � if for all N 2 P and all (R;H) 2 EN , '(R;H) does not violate the priorityof any agent for any object.
6For a recent overview see Thomson (2004).
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We say that ' is a priority rule if there exists a priority structure � such that ' adapts to �.
Using a result from Balinski and S�onmez (1999, Theorem 2) it follows that an e�cient priorityrule 'must be a so-called best rule; i.e., for each economy (R;H) 2 EN , '(R;H) is obtained fromapplying the well-known deferred acceptance algorithm (Gale and Shapley, 1962) to the two-sidedmatching problem where the agents' preferences are given by R and the \objects' preferences"are given by the priority structure � (see also Ergin, 2002, Proposition 1). Ergin's (2002,Theorem 1) main result essentially states that for best rules, e�ciency, group strategy-proofness,consistency, and the acyclicity of the priority structure are all equivalent.While Ergin (2002) focuses on the class of rules that adapt to an exogenously given prioritystructure, we consider the general class of all rules. We show that if a rule satis�es consistency,strategy-proofness, and e�ciency, then there must exist a priority structure that it \almost"adapts to. In order to formalize this \almost" adaptation, we introduce generalized priorityrules next.

Let x 2 K. We call a binary relation �x a generalized priority ordering if
(i) �x is transitive and antisymmetric and
(ii) there exists a set Qx � P such that jQxj � 3 and
(a) the restriction of �x to the agents in PnQx, denoted �xjPnQx , is complete (all agents in Pexcept for the agents in Qx can be completely ranked according to priority order �x) and
(b) for all i 2 PnQx and all j 2 Qx, i �x j (agents in PnQx are ranked above agents in Qx).
Note that any priority ordering is a generalized priority ordering since it satis�es the abovede�nition for Qx = ;. Also, a generalized priority ordering that satis�es the above de�nitionwith jQxj = 1 is in fact a priority ordering.
A generalized priority structure is a pro�le � = (�x)x2K specifying for each object a gener-alized priority ordering. We say that ' is a generalized priority rule if there exists a generalizedpriority structure � such that ' adapts to �; i.e., it adapts to all priorities that are speci�edin the generalized priority ordering, except possibly for priorities concerning an object x andagents in Qx.

Theorem 1. If a rule satis�es consistency, strategy-proofness, and e�ciency, then it is ane�cient generalized priority rule.
In order to be more speci�c about the structure of e�cient generalized priority rules, we useErgin's (2002, Theorem 1) result that a priority rule is e�cient if and only if the underlyingpriority structure is acyclic.Let � be a generalized priority structure. We say that � has a cycle if there exist x; y 2 Kand i; j; k 2 P such that i �x j �x k �y i. A generalized priority structure is acyclic if it hasno cycles. We can now rephrase Theorem 1.

Corollary 1. If a rule satis�es consistency, strategy-proofness, and e�ciency, then it adaptsto an acyclic generalized priority structure �.
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E�cient priority rules satisfy all the axioms in Theorem 1. In the following example, wedemonstrate that the class of e�cient generalized priority rules is strictly larger than the classof e�cient priority rules. In order to do so, we need some notation.Let � be a priority structure and ' be a priority rule adapting to �. Then we call ' a serialdictatorship if there exists an ordering �� over P such that for all x 2 K, �x = ��. We denoteby '�� the serial dictatorship with ordering ��. It is easily checked that a serial dictatorshipsatis�es consistency, strategy-proofness, and e�ciency.Example 1 shows that not only e�cient priority rules satisfy the properties of Theorem 1.
Example 1. Let �1� and �2� be the following orderings over P :

jP j �1� jP j � 1 �1� � � � �1� 3 �1� 2 �1� 1;
jP j �2� jP j � 1 �2� � � � �2� 3 �2� 1 �2� 2:

The orderings �1� and �2� only di�er in their last two entries. We de�ne the following, \almostserial dictatorship:" Agents start choosing their objects according to their names, the agentwith the highest number starts and chooses his/her favorite object, then the agents with thenext higher number chooses his/her favorite object among the remaining objects, etc., until onlyagents 1 and 2 are left over. Now, the number of remaining objects determines who is allowedto choose next. For all N 2 P and all (R;H) 2 EN ,
(i) if jHn([i2Nnf1;2gf'�1�i (R;H)g)j � 1, then '(R;H) � '�1�(R;H) (if one or none objectare left for agents 1 and 2, then agent 2 may choose among the remaining objects beforeagent 1); and
(ii) if jHn([i2Nnf1;2gf'�1�i (R;H)g)j > 1, then '(R;H) � '�2�(R;H) (if more than one objectis left for agents 1 and 2, then agent 1 may choose among the remaining objects beforeagent 2).
Because serial dictatorships are e�cient, the rule ' is e�cient. Since agents 1 and 2 cannotchange the ordering by stating other preferences and �1� and �2� only di�er in their last twoentries, the rule ' is strategy-proof. To show consistency let N 2 P, (R;H) 2 EN , and j 2 N .It su�ces to show that for all i 2 Nnfjg,

'i(R�j ; Hnf'j(R;H)g) = 'i(R;H): (1)
If i 2 Nnf1; 2g, then '�1�i (R;H) = '�2�i (R;H) and '�1�i (R�j ; Hnf'j(R;H)g) =
'�2�i (R�j ; Hnf'j(R;H)g). So, the fact that ' is a serial dictatorship for all agents exceptagents 1 and 2 implies (1).Consider i 2 f1; 2g and denote f1; 2g = fi; kg. If either j = k or k =2 N , then
'�1�i (R�j ; Hnf'j(R;H)g) = '�2�i (R�j ; Hnf'j(R;H)g). Since either '(R;H) = '�1�(R;H) or
'(R;H) = '�2�(R;H), the consistency property of '�1� or '�2� implies (1).Finally, consider i 2 f1; 2g and j 2 Nnf1; 2g. For all i 2
Nnf1; 2g, '�1�i (R�j ; Hnf'�1�j (R;H)g) = '�1�i (R;H) and 'j(R;H) =
'�1�j (R;H). Thus, (Hnf'j(R;H)g) n�[i2Nnf1;2gf'�1�i (R�j ; Hnf'�1�j (R;H)g)g� =�Hnf'�1�j (R;H)g� n�[i2Nnf1;2gf'�1�i (R;H)g� = Hn�[i2Nnf1;2gf'�1�i (R;H)g� :
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Then either (i) holds for (R;H) and (R�j ; Hnf'�1�j (R;H)g) ('�1�i is used for both problems)
or (ii) holds for (R;H) and (R�j ; Hnf'�1�j (R;H)g) ('�2�i is used for both problems). Hence, the
consistency property of '�1� or '�2� implies (1). Finally note that ' is a generalized priority rulewhere for all x 2 K, �x = �1� \ �2� and for all x 2 K, Qx = f1; 2g. �

Remark 1. In Example 1 the choice of �1� or �2� could be de�ned in a more complex mannerwithout violating the axioms of Theorem 1. We could choose �1� whenever a certain object x isavailable after the other agents (except agents 1 and 2) have received their allotments and whenx is not available, then we pick �2�. On the other hand, we can easily de�ne e�cient generalizedpriority rules that do not satisfy the axioms of Theorem 1; for instance if the choice between�1� and �2� depends on the preferences of agent 1 (possible violations of strategy-proofness) orif the choice between �1� and �2� depends on the presence of certain agents (possible violationsof consistency). Because it is intuitively clear, what the degrees of freedom in di�erence to theclass of priority rules is, but since, at the same time, it is very tedious and technical to givea full characterization, we did not try to formulate Theorem 1 as a full characterization. Theimportant point is that any rule satisfying the axioms of Theorem 1 is \almost" a priority rule. �
Remark 2. Theorem 1 and Example 1 show that consistency, strategy-proofness and e�ciencycharacterize \almost" e�cient priority rules. These axioms only allow more exibility at thebottom of the priority orderings{up to three agents for each object's generalized priority ordering.A similar feature has been observed in the paper by Bogomolnaia, Deb and Ehlers (2004). Theyshow on the domain of weak preference relations that non-bossiness,7 strategy-proofness, ande�ciency \almost" characterize serial dictatorships. Those axioms only allow more exibilityfor the �rst two agents of the serial order. �

In Example 1 the set of agents for which priorities are unspeci�ed is equal to f1; 2g =[x2KQx. Next, we construct an e�cient, strategy-proof, and consistent rule for P = f1; 2; 3gand K = fa; bg that does not adapt to any priority structure. Extending the example to jP j > 3,as explained after the example, yields an example where the set of agents for which prioritiesare unspeci�ed is equal to f1; 2; 3g = [x2KQx.
Example 2. Let P = f1; 2; 3g and K = fa; bg. The rule �' is de�ned as follows:
For N = fi; j; kg such that jN j = 3 de�ne 'ijk as the serial dictatorship '� where i �a j �a kand i �b j �b k.

� If jN j = 3, H = fa; bg, and R 2 RN such that
{ '1321 (R;H) = a and '1323 (R;H) = b, then �'(R;H) = '132(R;H),
{ '1321 (R;H) = a and '1323 (R;H) = 0, then �'(R;H) = '213(R;H),
{ '1231 (R;H) = b and '1232 (R;H) = a, then �'(R;H) = '123(R;H),
{ '1231 (R;H) = b and '1232 (R;H) = 0, then �'(R;H) = '312(R;H).

� If H = fag and R 2 RN , then �'(R;H) = '123(R;H).
� If H = fbg, and R 2 RN , then �'(R;H) = '132(R;H).

7No agent can inuence another agent's �nal allotment without changing his/her �nal consumption.
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For N = f1; 2g let �[12] denote the priority structure 2 �[12]a 1 and 1 �[12]b 2.
� If N = f1; 2g, H = fa; bg, and R 2 RN , then �'(R;H) = '�[12](R;H).

For N = f1; 3g let �[13] denote the priority structure 1 �[13]a 3 and 3 �[13]b 1.
� If N = f1; 3g, H = fa; bg, and R 2 RN , then �'(R;H) = '�[13](R;H).

For N = f2; 3g let �[23] denote the priority structure 2 �[23]a 3 and 3 �[23]b 2.
� If N = f2; 3g, H = fa; bg, and R 2 RN , then �'(R;H) = '�[23](R;H).
� If jN j = 3, H = fa; bg, and R 2 RN is such that the null object is the most preferred
object under R1, then �'(R;H) = (0; '�[23]2 (Rf2;3g; H); '�[23]3 (Rf2;3g; H)).

Since all rules used to de�ne �' are priority rules, �' is e�cient. The proof that �' satis�esstrategy-proofness and consistency is straightforward, but tedious and is available from theauthors upon request. �

Example 2 demonstrates that at the bottom of each generalized priority ordering there maybe a set of three agents which are not related to each other, i.e., Qa = Qb = f1; 2; 3g. Thus,the upper bound 3 for the cardinality of Qx cannot be lowered in the de�nition of a generalizedpriority ordering �x. Furthermore, Example 2 can be easily adapted to any number of agents.Just let all other agents choose according to a serial dictatorship before agents f1; 2; 3g and usethen the rule of Example 2 to allocate objects to f1; 2; 3g, depending on which objects are leftbehind by the agents Nnf1; 2; 3g.
4 Conclusion
By our main result, Theorem 1, any rule that satis�es consistency, strategy-proofness, and e�-ciency equals an e�cient generalized priority rule. As argued in Remark 1, we \almost" providea characterization of consistent, strategy-proof, and e�cient rules. Ehlers and Klaus (2003b,Theorem 1) show that a rule satis�es reallocation-consistency, strategy-proofness, and e�ciencyif and only if it equals an e�cient priority rule. Since the set of e�cient priority rules is a strictsubset of the set of e�cient generalized priority rules, reallocation-consistency { in combina-tion with strategy-proofness and e�ciency { turns out to be a more demanding property thanconsistency. Hence, using the weaker (and more standard) condition of consistency here, yieldsa larger class of rules, but not a fully characterized set of rules. This is also the reason whyTheorem 1 requires arguments that are di�erent from Ehlers and Klaus (2003b).In real life agents may be indi�erent between several objects because, for instance, they donot have enough information to distinguish any two of them. Unfortunately, our result (andTheorem 1 of Ergin, 2002) is not robust when allowing for indi�erences. The reason is as follows.It is easy to see that any strategy-proof and consistent rule satis�es non-bossiness. Then, on thedomain of weak preferences any rule of Theorem 1 satis�es strategy-proofness, non-bossiness,and e�ciency. By Bogomolnaia, Deb and Ehlers (2004, Theorem 4) such a rule is \almost"a serial dictatorship. Therefore, on the domain of weak preferences, any rule that satis�esconsistency, strategy-proofness, and e�ciency must be \almost" a serial dictatorship.
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Ehlers and Klaus (2003b) consider the richer model of house allocation with quotas, i.e.,possibly multiple copies of objects may be available. We could adjust our model accordinglywithout a�ecting the results, but chose for the clarity and notational simplicity of the classicalhouse allocation model.
Appendix
To prove Theorem 1 let ' be a rule satisfying consistency, strategy-proofness, and e�ciency.For each object we construct a generalized priority ordering. Given x 2 K, let Rxi 2 Rdenote a preference relation such that for all y 2 Knfxg, xP xi 0P xi y, i.e., x is the unique objectthat is preferred to the null object at Rxi . Then

i �x j , for all H 2 H such that x 2 H; 'i((Rxi ; Rxj ); H) = x:
The di�culty of the proof is to show that �x is complete whenever necessary in the de�nitionof a generalized priority ordering. Example 1 proves that there may exist agents i; j such thatneither i �x j nor j �x i.

Lemma 1. Let x 2 K and N = f1; 2; 3; 4g � P . If 'i(RxN ; fxg) = x, then 1 �x 2, 1 �x 3, and1 �x 4.
Proof. Let '1(RxN ; fxg) = x: (2)
In order to prove 1 �x 2, 1 �x 3, and 1 �x 4, we show that for all H 2 H such that x 2 H,'1(RxN ; H) = x.Let y 2 Knfxg. We �rst show that

'1(RxN ; fx; yg) = x: (3)
The proof involves many di�erent pro�les, which we depict as explained after the two �rstpro�les we introduce now. Without loss of generality, we assume

(R4; fx; yg) : Rx1 R2 R3 R4x x x xy y y (4)

and
(R5; fx; yg) : Rx1 Rx2 R3 R4x x x xy y (5)

We only specify the ranking of the objects which are preferred to the null object. In (4), theset of objects is fx; yg and the rule ' allocates x to agent 1 and y to agent 2. Furthermore, wedenote the pro�le in (4) by R4. In (4) agent 1 has to receive x because otherwise we obtain acontradiction from (2) and consistency (the agent who receives y in (4) can leave the economyin (2) and (4)). Then by e�ciency, one of the agents 2, 3, or 4 receives y. Without loss ofgenerality, we suppose that agent 2 receives y. Similar arguments yield '1(R5; fx; yg) = x.
From now on we assume that (3) is not true, i.e., '1(RxN ; fx; yg) 6= x.
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Step 1: If '1(RxN ; fx; yg) 6= x, then

(R6; fx; yg) : R1 Rx2 Rx3 Rx4x x x xy (6)

Because '1(RxN ; fx; yg) 6= x, strategy-proofness implies that in the above economy agent 1cannot receive x. Then by e�ciency, '1(R6; fx; yg) = y. We have to show that neither agent 2nor agent 3 receives x at (R6; fx; yg). Suppose

(R7; fx; yg) : R1 Rx2 Rx3 Rx4x x x xy (7)

Then consistency and strategy-proofness imply

(R8; fx; yg) : R1 R2x xy y (8)

Using consistency and strategy-proofness in (4) yields that agent 1 receives x in the economy(8), a contradiction. Hence, '2(R6; fx; yg) 6= x.Suppose
(R9; fx; yg) : R1 Rx2 Rx3 Rx4x x x xy (9)

Then consistency and strategy-proofness imply

(R10; fx; yg) : R1 R3x xy y (10)

Using consistency and strategy-proofness in (5) yields that agent 1 receives x in the economy(8), a contradiction. Hence, '3(R6; fx; yg) 6= x. Since agents 1, 2, and 3 do not receive x in theeconomy (6), e�ciency implies that 4 receives x in the economy (6). �

Step 2: We �nish the proof by showing that in the economy (R11; fx; yg) 2 Ef2;3;4g any e�cientallocation yields a contradiction to our previous deductions. Let

(R11; fx; yg) : R2 R3 R4x x yy y x (11)

We distinguish three cases.
Case 1: '4(R11; fx; yg) = y.Then '2(R11; fx; yg) = 0 or '3(R11; fx; yg) = 0. If '2(R11; fx; yg) = 0, then'3(R11; fx; yg) = x and by consistency and strategy-proofness, '2(Ryf2;4g; fyg) = 0 and
'4(Ryf2;4g; fyg) = y.
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Applying consistency to (4) yields '2(R4f2;4g; fyg) = y and '4(R4f2;4g; fyg) = 0. Thus, by
strategy-proofness, '2(Ryf2;4g; fyg) = y and '4(Ryf2;4g; fyg) = 0, a contradiction.

If '3(R11; fx; yg) = 0, then we obtain a contradiction by applying consistency for agents 3and 4 to the economies (R11; fx; yg) and (R5; fx; yg) (in (5)). Hence, Case 1 cannot occur.
Case 2: '4(R11; fx; yg) = x.Then '2(R11; fx; yg) = y or '3(R11; fx; yg) = y. If '2(R11; fx; yg) = y, then agents 2 and4 gain from exchanging their objects, a contradiction to e�ciency. If '3(R11; fx; yg) = y, thenagents 3 and 4 gain from exchanging their objects, a contradiction to e�ciency. Hence, Case 2cannot occur.
Case 3: '4(R11; fx; yg) = 0.Then, by e�ciency, '2(R11; fx; yg) = x or '3(R11; fx; yg) = x. If '2(R11; fx; yg) = x, thenby consistency and strategy-proofness, '2(Rxf2;4g; fxg) = x and '4(Rxf2;4g; fxg) = 0.

Applying consistency to (6) yields '2(Rxf2;4g; fxg) = 0 and '4(Rxf2;4g; fxg) = x, a contradic-tion.If '3(R11; fx; yg) = x, then we obtain a contradiction by applying consistency for agents 3and 4 to the economies (R11; fx; yg) and (R6; fx; yg) (in (6)). Hence, Case 3 cannot occur.
We have shown that '1(RxN ; fx; yg) = x: Finally, in order to prove that for all H 2 Hsuch that x 2 H, '1(RxN ; H) = x, we repeat the previous arguments by adding another objectz 2 Hnfx; yg and considering similar preference pro�les where y is an undesirable object, etc. �

Next, we show that �x is a generalized priority ordering.
Lemma 2. For all x 2 K, �x is transitive and antisymmetric; i.e., �x satis�es condition (i)in the de�nition of a generalized priority ordering.
Proof. Antisymmetry follows from the de�nition of �x.Let 1; 2; 3 2 P . Suppose 1 �x 2 and 2 �x 3. Let H 2 H be such that x 2 H. In orderto prove 1 �x 3, we need to show that '1((Rx1 ; Rx3); H) = x. Consider Rx = (Rx1 ; Rx2 ; Rx3). Bye�ciency, for some l 2 f1; 2; 3g, 'l(Rx; H) = x.If l = 2, then by consistency, '1((Rx1 ; Rx2); H) = 0 and '2((Rx1 ; Rx2); H) = x, which contra-dicts 1 �x 2 and the de�nition of �x.If l = 3, then by consistency, '2((Rx2 ; Rx3); H) = 0 and '3((Rx2 ; Rx3); H) = x, which contra-dicts 2 �x 3 and the de�nition of �x.Thus, l = 1. By consistency, '1((Rx1 ; Rx3); H) = x and '3((Rx1 ; Rx3); H) = 0. Hence, by thede�nition of �x, 1 �x 3. �

In order to determine the set of agents Qx for �x, we de�ne the following ordering:
i �0x j , 'i(Rxfi;jg; fxg) = x:

Note that by e�ciency we either have i �0x j or j �0x i, but not both. Thus, �0x is complete.The proof that �0x is transitive is similar to the proof of Lemma 2.Let Qx � P denote the set of the three bottom ranked agents under �0x, i.e., for all i 2 PnQx
and all j 2 Qx, i �0x j and jQxj = 3.
Lemma 3. For all x 2 K, �x satis�es condition (ii) in the de�nition of a generalized priorityordering.
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Proof. Let Qx = fl;m; qg.Let i; j 2 PnQx. Then by completeness of �0x, i �0x j or j �0x i. Suppose i �0x j. By thede�nition of Qx, i �0x l and i �0x m. Thus, by consistency, 'i(Rxfi;j;l;mg; fxg) = x. By Lemma 1
(with i = 1 and fi; j; l;mg = f1; 2; 3; 4g), i �x j. Hence, �xjPnQx is complete and �x satis�es(a) in (ii).Let i 2 PnQx. Then by de�nition of �0x and consistency, 'i(Rxfi;l;m;qg; fxg) = x. By
Lemma 1 (with i = 1 and fi; j; l;mg = f1; 2; 3; 4g), i �x l, i �x m, and i �x q. Hence, �xsatis�es (b) in (ii). �

Let � � (�x)x2K . Then, � is a generalized priority structure.
Lemma 4. The rule ' adapts to the generalized priority structure �.
Proof. Let N 2 P and (R;H) 2 EN . Suppose that there exist x 2 H and i 2 N such that'(R;H) violates the priority of i for x. Then for some j 2 N , 'j(R;H) = x, i �x j, andx Pi 'i(R;H). Let �R 2 RN be such that (i) for all l 2 Nnfig and all y 2 Knf'l(R;H)g,'l(R;H) �Rl 0 �Pl y and (ii) for all y 2 Knfxg, x �Pi 0 �Pi y.Let l 2 Nnfig. By strategy-proofness, 'l(( �Rl; R�l); H) = 'l(R;H). Thus, by consis-tency, '(( �Rl; R�l); H) = '(R;H). Applying the same arguments repeatedly we obtain that'((Ri; �R�i); H) = '(R;H). Let �H � Hn([l2Nnfi;jgf'l((Ri; �R�i); H)g).By consistency, 'i((Ri; �Rj); �H) = 'i(R;H) and 'j((Ri; �Rj); �H) = x. By strategy-proofnessand x Pi 'i(R;H), 'i( �Rfi;jg; �H) = 0 and 'j( �Rfi;jg; �H) = x. Thus, by strategy-proofness,'i(Rxfi;jg; �H) = 0 and 'j(Rxfi;jg; �H) = x. By i �x j and the de�nition of �x, we have for all
x 2 H 0 2 H, 'i( �Rfi;jg; H 0) = x. Since x 2 �H, the previous two facts constitute a contradiction.�

By Lemma 4, ' is an e�cient generalized priority rule. The proof of Theorem 1 is nowcomplete.
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